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ABSTRACT

We present a new analytical approach with the aim to describe generally curved and twisted magnetic flux rope
structures, that are embedded within interplanetary coronal mass ejections, under the constraint of invariant axial
flux. In this paper we showcase the simplest case of a generally curved flux rope with a circular cross-section
which can be described in terms of the curvature and the torsion of the Frenet-Serret equations. The magnetic
field configuration, for the axial and poloidal field components, are described in terms of a radial expansion using
a Legendre basis. We further derive equations that allow us to configure our model for any arbitrary magnetic
twist and also evaluate the force distribution. We show the effects and differences of our proposed model
compared to a purely cylindrical or toroidal geometry using an arbitrarily twisted exemplary flux rope structure
with an uniformly twisted magnetic field configuration. In order to indirectly compare our model with real
in-situ measurements we generate two synthetic in-situ profiles using virtual spacecraft trajectories, realistically
simulating apex and flank encounters of an interplanetary coronal mass ejection. This proposed model presents
an intermediate steps towards describing more complex flux rope structures with arbitrary cross-section shapes.

1. INTRODUCTION

A magnetic flux rope is a confined magnetic field struc-
ture consisting of a flux tube and an axially twisted mag-
netic field. These structures play a prominent role in he-
liophysics and in many other astrophysical settings, and are
believed to at the center of any interplanetary coronal mass
ejection (ICME). The in-situ magnetic field measurements
of these flux ropes structures within ICMEs were initially
named magnetic clouds (Burlaga et al. 1981) before they
were associated with coronal mass ejections (Gosling et al.
1991) and successively found to closely follow the signa-
ture of a magnetic flux rope (Lepping et al. 1990; Bothmer
& Schwenn 1998).

The basic magnetic field structure of a flux rope can be de-
scribed using cylindrical analytical models such as uniform-
twist force-free models (Gold & Hoyle 1960; Hu et al. 2015)
or a linear force-free configurations (Lundquist 1950; Lep-
ping et al. 1990; Farrugia et al. 1995). From in-situ magnetic
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field measurements and white-light observations using coro-
nagraphs and heliospheric imagers (e.g. Mulligan & Rus-
sell 2001; Vandas et al. 2005; Vourlidas et al. 2013; Davies
et al. 2021) we know that these cylindrical approximations
are highly simplified, and that the geometry of ICMEs can
be significantly more complicated due to interaction with the
coronal magnetic field (Lugaz et al. 2012; Kay et al. 2015;
Möstl et al. 2015) or the solar wind (Riley & Crooker 2004;
Liu et al. 2006; Démoulin & Dasso 2009). These general
deformations can be very hard to identify in the local in-situ
magnetic field measurements. The measurements are also af-
fected by other processes, such as flux rope expansions (Leit-
ner et al. 2007; Gulisano et al. 2012). These problems are
additionally exacerbated when only single spacecraft mea-
surements are available.

Recent efforts have focused on constructing models with
higher complexity regarding the geometry or the internal
magnetic field structure with the aim of better reconstruct-
ing the measured in-situ signatures. These studies include
purely analytical approaches (Hidalgo et al. 2002; Vandas &
Romashets 2017a,b; Nieves-Chinchilla et al. 2018), and also
semi-analytical models (Isavnin 2016; Kay & Gopalswamy
2018; Weiss et al. 2021). One of they key components of
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any recently developed analytical model is axial invariance
so that the basic geometry always corresponds to a cylinder
and torus and only the cross-sections are changed. This ex-
cludes the possibility of modelling any axial deformations
which are expected to appear (e.g. Rollett et al. 2014; Hinter-
reiter et al. 2021).

In this paper, we use the mathematical framework devel-
oped in Nieves-Chinchilla et al. (2016, 2018) (henceforth re-
ferred to as NC16/NC18) and introduce a cylindrical flux
rope model that includes magnetic fields, but is allowed to
possess an arbitrary axial curvature and does not require any
axial symmetry. The theoretical magnetic field model is de-
rived in detail in Section 2. Beyond the derivation of a solu-
tion for the magnetic field we also attempt to configure our
model in terms of an arbitrarily predetermined twist distribu-
tion function (2.4). Instead of validating our model with re-
spect to in-situ magnetic field measurements of real ICME’s
we will only focus on purely synthetic results as we believe
that any analysis without considering elliptical or more com-
plicated cross-sections is not of much benefit. An exemplary
geometry and related magnetic field solution are shown in
Section 3. A discussion of our approach is performed in 4 and
we also give an outline of how our model can be extended to
a more general case which includes more complicated cross-
sections.

2. CURVED FLUX ROPE MODEL

We begin by describing the deformation of our structure
via the deformation of the central flux rope axis in terms
of an arbitrarily parametrized path γ(s). We define the unit
length velocity field t(s) = ∂sγ(s)/‖∂sγ(s)‖ and further in-
troduce two additional vector fields u(s) and v(s) so that
{t(s), u(s), v(s)} forms a properly orientated orthonormal
set of vectors. The properly orientated orthogonality con-
dition is also equivalent to v(s) = t(s) × u(s) and the two
vectors {u(s),v(s)} are thus defined up to an arbitrary angle
of rotation. This degree of freedom, for the angle of ration,
will be irrelevant for our paper as we will only consider a
cylindrical cross-section so that the overall geometry is inde-
pendant of the particular choice for this angle. With the help
of these definitions we can set up an appropriate curvilinear
coordinate system (r, s, ϕ) for our curved flux rope geometry:

r(r, s, ϕ) = γ(s) − rσ cos(ϕ)u(s) − rσ sin(ϕ)v(s), (1)

where σ describes the half-width of the flux rope. The
flux rope volume is then defined by the coordinate range
r ∈ [0, 1], s ∈ [0, smax] and ϕ ∈ [0, 2π). We will generally
omit the (r, s, ϕ) dependence for any quantities or vectors de-
fined within this coordinate system unless required for clar-
ity.

We then attempt to construct the covariant basis vectors of
our custom coordinate system which are given as:{

εr, εs, εϕ
}

=

{
∂r(r, s, ϕ)

∂r
,
∂r(r, s, ϕ)

∂s
,
∂r(r, s, ϕ)

∂ϕ

}
. (2)

In order to compute the axial derivative in Eq. (2) we are
further required to use a more specific description for the
two vectors u(s) and v(s). In this paper we will focus on
an approach using the so-called Frenet-Serret frame which
provides a straightforward way to not only compute the axial
derivatives but also construct the vectors themselves. It is im-
portant to note that this is not the only approach and that the
Frenet-Serret frame has significant issues in implementation
for many scenarios (e.g. Bishop 1975).

As in NC18 the basis vectors
{
εr, εs, εϕ

}
will not necessar-

ily be orthonormal. We must distinguish between covariant
and contravariant vector quantities and use generalized forms
for any vector operations. We will not repeat the required
basic definitions as they are explained in detail and used in
NC18. We also attempt to use the same conventions in or-
der to reduce any possible confusion. An extensive review
can be found in [math reviews]. We make use of standard
Einstein notation with summation over double indices, up-
per and lower indices indicating contravariant and covariant
quantities respectively and raising or lowering of indices via
contraction with the metric tensor. Any quantities described
in our coordinate system with the non unit basis vectors are
denoted with a c subscript and related to the scaled physical
quantities via the appropriate scale factors.

2.1. Coordinate System: Frenet-Serret

A natural set of vectors that can be constructed for
any space curve are the so-called Frenet-Serret vectors
{t(s), u(s) = n(s), v(s) = b(s)} that are defined as:

t(s) = ∂sγ(s)/l(s) , (3)

n(s) = ∂st(s)/‖∂st(s)‖ , (4)

b(s) = t(s) × n(s), (5)

where we introduce l(s) = ‖∂sγ(s)‖ as a shorthand for the
arc-length element. This factor is important for calculations
within our coordinate system but it must disappear in any
physical results as any physical quantities must be indepen-
dant of the used parametrization for γ(s). As a consequence
of our definition used in Eq. (1) the angular parameter ϕ is
set so that ϕ = 0 corresponds to the most “outer” point of the
curved flux rope and ϕ = π the most “inner” point. The ac-
companying Frenet-Serret equations describe the axial evolu-
tion of the basis vectors with respect to the axial parameter:

∂st(s) = l(s)κ(s)n(s), (6)

∂sn(s) = −l(s)κ(s)t(s) + l(s)τ(s)b(s), (7)

∂sb(s) = −l(s)τ(s)n(s), (8)
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where κ(s) is the curvature and τ(s) the torsion of the under-
lying curve. The Frenet-Serret equations allow us to directly
compute the non unit coordinate basis vectors from Eq. (2)
in terms of the curvature and the torsion so that:

εr = −σ
[
cos(ϕ)n(s) + sin(ϕ)b(s)

]
, (9)

εs =
[
1 + rσκ(s) cos(ϕ)

]
l(s)t(s)

+ rστ(s)
[
sin(ϕ)l(s)n(s) − cos(ϕ)l(s)b(s)

]
,

(10)

εϕ = rσ
[
sin(ϕ)n(s) − cos(ϕ)b(s)

]
. (11)

Figure 1 shows an example of a curved flux rope with the
Frenet-Serret vectors and the related basis vectors of our
curvilinear coordinate system.

Figure 1. Curved flux rope with the Frenet-Serret vectors
{t(s),n(s), b(s)} (black) and the corresponding coordinate system
basis vectors

{
εr, εs, εϕ

}
(orange, blue, magenta) at a random point

on the edge (r = 1). The coordinate system basis vectors are not
shown to scale and have been re-scaled to unity.

Using the expressions for the basis vectors in Eqs. (9-11)
we can subsequently construct the covariant metric tensor
gi j = εi · ε j. The metric tensor entries and the related scale
factors are given by:

grr = h2
r = σ2, (12)

gss = h2
s = l2(s)

[
1 + rσκ(s) cos(ϕ)

]2

+ r2σ2l2(s)τ2(s),
(13)

gϕϕ = h2
ϕ = r2σ2, (14)

grs = gsr = 0, (15)

grϕ = gϕr = 0, (16)

gsϕ = gϕs = r2σ2l(s)τ(s), (17)

where we find that only the gsϕ off-diagonal component does
not vanish. Finally, the metric determinant g is given by:

g = r2σ4l2(s)
[
1 + rσκ(s) cos(ϕ)

]2 . (18)

The Frenet-Serret approach not only provides a straight-
forward framework for constructing the metric tensor with
which we can describe Maxwell’s equations within our
curved flux rope geometry. It is also the most simple direct
implementation as Eqs. (3-5) and Eqs. (9-11) allow us to
fully construct the appropriate geometry for any given path
γ(s). The most significant issue with the Frenet-Serret frame
is that it is not defined for points on the curve γ(s) where
the curvature vanishes as the normal vector n(s) is then ill-
defined. As we only consider a circular cross-section with az-
imuthal symmetry this problematic case is not an issue since
the solutions converge to the cylindrical solutions which only
depend on the radial distance.

2.2. Magnetic Field Solutions

We now attempt to find a solution for the Maxwell equa-
tions in our custom curvilinear coordinate system. As in
NC16/NC18, we implicitly assume that the contravariant ra-
dial magnetic field component Br

c vanishes. The Maxwell
equations then take the form:

0 = ∂s
(√

gBs
c
)

+ ∂ϕ
(√

gBϕc
)
, (19)

µ0 jrc =
1
√

g

[
∂s

(
gsϕBs

c + gϕϕBϕc
)
− ∂ϕ

(
gssBs

c + gsϕBϕc
)]
,

(20)

µ0 js
c = −

1
√

g
∂r

(
gsϕBs

c + gϕϕBϕc
)
, (21)

µ0 jϕc =
1
√

g
∂r

(
gssBs

c + gsϕBϕc
)
, (22)

for the contravariant components of the magnetic field Bc and
the current density jc. Conservation of the current is given by:

0 = ∂r(
√

g jrc) + ∂s(
√

g js
c) + ∂ϕ(

√
g jϕc ), (23)

where we now allow for non-zero radial current jrc. We only
attempt to describe a solution within the fixed volume r ≤ 1
and we assume that there is an arbitrary shielding current so
that Bc vanishes outside of our flux rope volume.

Without loss of generality we assume that there exists a
point γ(s0) so that κ(s0) = τ(s0) = 0 and that all related
derivatives also vanish. This point does not necessarily need
to exist but serves as a useful point of reference. We addi-
tionally make the assumption that our magnetic field exhibits
azimuthal symmetry at γ(s0) so that the Maxwell equations
simplify to those given by Eqs. (12-14) in NC18 for a circular
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cross-section. The solution for γ(s0) can be written as:

Bs
c

∣∣∣
s=s0

=
1

l(s)

(
Bs

c

∣∣∣
r=0 + µ0σ

2
∫ r

0
dr′ r′ jϕc

∣∣∣
s=s0

)
, (24)

Bϕc
∣∣∣
s=s0

= −
µ0l(s)

r2

∫ r

0
dr′ r′ js

c

∣∣∣
s=s0

, (25)

where this result is slightly modified as we need to account
for the parameters l(s) and σ. The central magnetic field
strength Bs

c

∣∣∣
r=0 appears as an integration constant that is in-

dependant of the current.
In NC18 the equations for the magnetic field were resolved

by describing the current in terms of a radial power series.
For our model we will alternatively use a decomposition
based on shifted Legendre polynomials as it can be shown
that they have certain beneficial properties for our purposes.
We write the axial and poloidal current as:

js
∣∣∣
s=s0

= l(s) js
c

∣∣∣
s=s0

=

∞∑
m=0

βm
1
r
∂r

(
r2P̃m(r)

)
, (26)

jϕ
∣∣∣
s=s0

= rσ jϕc
∣∣∣
s=s0

= −

∞∑
n=1

αn ∂rP̃n(r), (27)

where P̃i(r) = Pi(2r−1) are the shifted Legendre polynomials
of i-th order that are defined for r ∈ [0, 1]. In contrast to
NC18 the minimum value for the n-index now stems from
the fact that ∂rP0(r) = 0.

Evaluating the integrals in Eqs. (24-25) the magnetic field
components then take the form:

Bs
c

∣∣∣
s=s0

=
1

l(s)

Bs
c

∣∣∣
r=0 − µ0σ

∞∑
n=1

αn

(
P̃n(r) − P̃n(0)

)
=

1
l(s)

Bs
c

∣∣∣
r=0 +

µ0σ

l(s)

∞∑
n=1

αnP̃n(0)︸                                ︷︷                                ︸
=− µ0σα0 P̃0(r)/l(s)

−
µ0σ

l(s)

∞∑
n=1

αnP̃n(r)

= −
µ0σ

l(s)

∞∑
n=0

αnP̃n(r),

(28)

Bϕc
∣∣∣
s=s0

= −µ0

∞∑
m=0

βmP̃m(r), (29)

where we additionally introduce the α0 coefficient for
P̃0(r) = 1 to further simplify the expression and replace the
Bs

c

∣∣∣
r=0 parameter.

We continue by making the following ansatz for the gen-
eral form of the axial magnetic field component:

Bs
c = As(r, s, ϕ)Bs

c

∣∣∣
s=s0

, (30)

where As is an auxiliary function that fully encapsulates the
axial and angular dependency of the general expression. We

can easily solve for As in the toroidal case with constant cur-
vature κ(s) = κ, zero torsion τ(s) = 0 and no radial current
jrc = 0. For this scenario the Eq. (20) reduces to:

0 =
1
√

g
∂ϕ

(
gss

∣∣∣κ(s)=κ
τ(s)=0

As

∣∣∣κ(s)=κ
τ(s)=0

)
Bs

c (31)

for which we find that As

∣∣∣κ(s)=κ
τ(s)=0

= C(r, s)
[
1 + rσκ(s) cos(ϕ)

]−2.

The integration constant C(r, s) for this particular solution
can be found by demanding conservation of the axial flux
Φs for any constant value of κ(s) with the same arrangement
of coefficients. Due to the lack of any radial magnetic field
component the axial flux must not only be conserved over
the entirety of the cross section but also for each radial ele-
ment ∂rΦ

s. We first compute the flux in the cylindrical case
∂rΦ

s
∣∣∣
s=s0

which must be equal to the toroidal expression for
∂rΦ

s from which we can directly infer C(r, s):

∂rΦ
s
∣∣∣∣∣
s=s0

=

∫ 2π

0
dϕ
√

gBs
c

∣∣∣
s=s0

= 2πrσ2l(s)Bs
c

∣∣∣
s=s0

= ∂rΦ
s =

∫ 2π

0
dϕ

C(r, s)
√

g Bs
c

∣∣∣
s=s0[

1 + rσκ(s) cos(ϕ)
]2

=
2πrσ2 C(r, s) l(s)Bs

c

∣∣∣
s=s0√

1 − r2σ2κ2(s)

=⇒ C(r, s) =
√

1 − r2σ2κ2(s)

=⇒ As

∣∣∣κ(s)=κ
τ(s)=0

=

√
1 − r2σ2κ2(s)[

1 + rσκ(s) cos(ϕ)
]2

(32)

Given our solution for the axial field in the cylindrical or
toroidal case we can now note that

√
g only depends on the

curvature. As such our previously derived expression for As

conserves the axial flux regardless of how the flux rope is
curved or twisted. We can thus use the existing toroidal ex-
pression for the axial magnetic field for the general case and
assume that the poloidal field and the current conform so that
the Maxwell equations are resolved. Note that this does not
only apply for our given As and one can in fact find a gener-
alized solution with more complexity by modifying the axial
field under the constraint of invariant total axial flux.

Applying this assumption to Eq. (19) and further assuming
that Bϕc = Aϕ Bϕc

∣∣∣
s=s0

we can directly reconstruct the poloidal
field. Our final combined result for both components is then
given as:

Bs
c = −

µ0σ
√

1 − r2σ2κ2(s)

l(s)
[
1 + rσκ(s) cos(ϕ)

]2

∞∑
n=0

αnP̃n(r), (33)

Bϕc = −
µ0

1 + rσκ(s) cos(ϕ)

∞∑
m=0

βmP̃m(r)

−
µ0rσ2 sin(ϕ)∂sκ(s)

l(s)
[
1 + rσκ(s) cos(ϕ)

]2 √
1 − r2σ2κ2(s)

∞∑
n=0

αnP̃n(r),

(34)
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where we now additionally find a mixture term in the poloidal
field that depends on the poloidal current. The dependency
of the magnetic field on the torsion τ(s) is hidden within
the εs basis vector and does not explicitly appear in the ex-
pressions themselves. It is important to remember that any
“axial” quantity technically includes a poloidal component
when the torsion is non-zero due to our non-orthogonal coor-
dinate system. In order to better to understand the structure
of this magnetic field solution we can rewrite the solution as
B = l(s)

[
1 + rσκ(s) cos(ϕ)

]
Bs

c · t(s) + Bp · ε̂ϕ so that:

Bp = −
µ0rσ

1 + rσκ(s) cos(ϕ)

∞∑
m=0

βmP̃m(r)

−
µ0r2σ3 sin(ϕ)∂sκ(s)

l(s)
[
1 + rσκ(s) cos(ϕ)

]2 √
1 − r2σ2κ2(s)

∞∑
n=0

αnP̃n(r)

−
µ0rσ2

√
1 − r2σ2κ2(s)τ(s)[

1 + rσκ(s) cos(ϕ)
]2

∞∑
n=0

αnP̃n(r),

(35)

where we now can see the explicit dependence on the torsion.
Despite us previously claiming that any terms for l(s) must

drop out in physical quantities as they depend on the choice
for parametrization it can be easily seen that this does not ap-
pear to be the case in Eq. (34) when additionally accounting
for the scale factors. This is due to how derivatives transform
under a change of parametrization ∂uV/l(u) −→ ∂sV/l(s). As
this can be a source of confusion we will from now on as-
sume that we use an arc-length parametrized curve so that
l(s) = 1 and drop the term from all further calculations.

By construction the current conservation in Eq. (23) is al-
ways fulfilled as long as the current is physical. This may not
be the case due to singularities in the current which, due to
our chosen description, can only appear at the center of the
flux rope structure. An example is the poloidal current jϕ

∣∣∣
s=s0

which must vanish at r = 0. This condition can be shown to
be equivalent to:

∞∑
n=1

αn

(
∂rP̃n(r)

) ∣∣∣∣∣
r=0

=

∞∑
n=1

(−1)n+1(n2 + n)αn = 0. (36)

which sets a constraint on the values for αn. No such con-
straint exists for the βm coefficients as js can take non-zero
values at r = 0.

2.2.1. Current Density

By resolving Eqs. (20-22) we could generate the expres-
sions for the current density components in our curved flux
rope model. Unfortunately these expressions do not have an
easily tractable form and it is very hard to extract general
statements on their structure or infer any properties. We in-
stead observe the total amount of current that flows through

the flux rope that we denote as Js:

Js =

∫ 1

0

∫ 2π

0
dr dϕ

√
g js

c

=
2πσ2 ∑∞

m=0 βm√
1 − σ2κ2(s)

+
2πσ3τ(s)

∑∞
n=0 αn

1 − σ2κ2(s)

(37)

where we find that Js is now dependant on the curvature and
the torsion. In contrast to the magnetic flux the total axial
current is not invariant over the flux rope structure and sec-
tions with larger curvature posses a larger axial current. We
can similarly compute the net in flowing radial current, de-
noted Jr , as:

Jr =

∫ 2π

0
dϕ
√

g jrc

∣∣∣∣∣
r=1

= −
2πσ4κ(s)∂sκ(s)

√
1 − σ2κ(s)2[

1 − σ2κ(s)2]2

∞∑
m=0

βm

−

 2πσ3∂sτ(s)
1 − σ2κ(s)2 +

4πσ5κ(s)τ(s)∂sκ(s)[
1 − σ2κ(s)2]2

 ∞∑
n=0

αn.

(38)

It can now be shown that the following Equation holds:

∂sJs + Jr = 0 (39)

which describes a form of current conservation. It shows that
there is a non-zero net radial current which feeds the changes
in axial current that arise due to changes in the curvature or
torsion. Our model thus also sets strong implicit constraints
on the external structure of the flux rope which must be able
to provide this additional current which could become rela-
tively large depending on the maximal values of curvature or
torsion.

2.2.2. Magnetic Fluxes

The next physical quantity of high interest that we can de-
rive are the magnetic fluxes. We start with the axial magnetic
flux which is relatively easy as it is already partially used in
the construction of our magnetic field model. We can directly
compute:

Φs =

∫ 1

0

∫ 2π

0
dr dϕ Bs

c
√

g = −2πµ0σ
3
∞∑

n=0

αn

∫ 1

0
dr rP̃n(r)

= −πµ0σ
3
(
α0 +

α1

3

)
,

(40)

as the integrals over the Legendre polynomials with index
n ≥ 2 vanish. The axial flux is only dependant on two pa-
rameters, namely α0 and α1. Due to our definition of α0 there
is a hidden interdependency with respect to all other coeffi-
cients, the relevance of which depends on how the model is
configured.
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For the poloidal flux, in a well behaved Frenet-Serret
frame, we can show that:

Φϕ =

∫ 1

0

∫ smax

0
dr ds Bϕc

√
g = −L µ0σ

2
(
β0

2
+
β1

6

)
− µ0σ

4 sin(ϕ)
∫ 1

0

∫ smax

0
dr ds

r2∂sκ(s)
[. . .] √. . .

∞∑
n=0

αnP̃n(r)︸                                            ︷︷                                            ︸
= 0 if κ(0)=κ(smax)

,

(41)

where L is the total length of the flux rope and the second
integral term vanishes automatically if the flux rope is closed
(for proof see A). Again the total poloidal flux is only de-
termined by the first two coefficients of the axial current.
Specifically the poloidal flux also independant of the curva-
ture of the flux rope and scales linearly with the flux rope
length L.

2.2.3. Magnetic Energy

The total magnetic energy stored within the flux rope is
given by the following integral:

E =

∫ 1

0

∫ smax

0

∫ 2π

0

gi jBi
cB j

c

2µ0

√
g dr ds dϕ , (42)

which is hard to analytically calculate as it involves integrals
over triple Legendre polynomials. The expression for the
magnetic energy density:

gi jBi
cB j

c = gss
(
Bs

c
)2

+ gϕϕ
(
Bϕc

)2
+ gsϕBs

cBϕc (43)

consists of three different terms where the first two always
have a positive sign. The third term on the other hand de-
pends on the sign of the torsion τ(s) and the sign of Bs

cBϕc
which depends on the handedness of the magnetic field.
While more hidden, the magnitude of

(
Bϕc

)2
also depends the

handedness of the field due to the second term in the poloidal
expression. As such the magnetic energy density is gener-
ally split into two separate energy levels whenever there is
non-zero torsion or changing curvature. For the general rep-
resentation we will introduce the following integral:

kE
l
nm =

∫ 1

0
dr rkP̃n(r)P̃m(r)

[
1 − r2σ2κ2(s)

]l
, (44)

where higher orders in k, n or m will lead to asymptotically
smaller values in dependence of the curvature. The total mag-
netic energy, making use of summation over double indices,
can then be written as:

E = πσ4µ0

∫ smax

0
ds

(
1E

1
nn′αnαn′ + 3E

−1
mm′βmβm′

+ σ2τ2(s) 3E
− 3

2
nn′αnαn′ +

σ4κ2(s)τ2(s)
2 5E

− 3
2

nn′αnαn′

+
σ4 [∂sκ(s)]2

2 5E
− 5

2
nn′αnαn′ + 2στ(s) 3E

−1
nmαnβm

) (45)

where the last term represents the energy splitting. Note that
the terms that depend on the change of the curvature cancel
out when integrating over the entire cross-section so that only
the axial integral over the torsion produces a difference in
energy due to the handedness.

2.3. Lorentz Forces

The last property of our model that we will analytically ex-
plore are the arising Lorentz forces. The three contravariant
components of the Lorentz force can be calculated using the
same Equations from Eq. (29) in NC18:

Fr
c = grr √g

(
js
cBϕc − jϕc Bs

c

)
(46)

F s
c =
√

g
(
gsϕ jrcBs

c − gss jrcBϕc
)

(47)

Fϕ
c =
√

g
(
gϕϕ jrcBs

c − gsϕ jrcBϕc
)

(48)

where now in general all three values will be non-zero as
there is a radial current. Nonetheless the typical arising radial
currents will be comparatively small and the radial Lorentz
force can be expected to be the dominant component. The
expressions for these forces will be of similar complexity to
those of the current and it is therefore not practical to show
their full form. Alternatively we can attempt to compute the
net radial force that acts on a slice of our flux rope using:

FR =< Fr >=

∫ 1

0

∫ 2π

0
dr dϕ

√
gεrFr

c. (49)

In order to further simplify this quantity we expand our result
to third order in curvature (first order for derivatives), first
order in torsion and only consider the first two coefficients
(α0, β0). For a torus-like geometry the net force acting on the
cross-section can then be evaluated as:

FR

∣∣∣κ(s)=κ
τ(s)=0

≈
π

8
µ0σ

4κ(s)
[
σ2

(
2α2

0 − 5β2
0

)
κ2(s) − 6β2

0

]
· n(s),

(50)

which we find to act fully along the direction defined by the
normal vector n(s). The first term α2

0 points inwards and thus
acts as the tension force with the other two terms given by β2

0
pointing outwards and thus representing the magnetic hoop
force. For the more general form we can investigate any
forces acting along the binormal vector b(s) using the same
approximations and allowing for changes in curvature:

b(s) · FR ≈
π

12
α0µ0σ

5∂sκ(s)
(
σ2κ2(s)

[
19β0 + 23α0στ(s)

]
+ 15

[
β0 + α0στ(s)

])
.

(51)

The conclusion of this result is that the flux rope will twist
around itself if there is any change in curvature which can
lead to instability. As this force contains terms of α0β0 it
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is also dependent on the handedness of the magnetic field.
The Lorentz forces that are generated by our model thus lead
to rather complicated dynamics which would require simula-
tions to fully analyze. Such simulations could give hints on
the stability or the instability of a selected flux rope geometry
or a specific magnetic field configuration.

2.4. Configuration of Coefficients

We will now briefly discuss how we can configure the cur-
rent coefficients αi and βi so that the resulting model exhibits
certain properties. As our coefficients are defined for a point
on the flux rope that is cylindrical it also makes sense to con-
figure the model at our point of reference s0. We start by
defining an arbitrary radial twist function Q(r) and demand
that:

Q(r) =

∞∑
l=0

γlP̃l(r) =
Bϕ

rBs =
hϕBϕc
rhsBs

c
=

∑∞
m=0 βmP̃m(r)∑∞
n=0 αnP̃n(r)

, (52)

where γl are the coefficients for an expansion, using shifted
Legendre polynomials, of our prescribed twist distribution
function. Using the following two properties for shifted Leg-
endre polynomials:∫ 1

0
P̃m(r)P̃n(r) =

δnm

2m + 1
(53)∫ 1

0
dr P̃m+n−2k(r)P̃m(r)P̃n(r) =

1/2
2m + 2n − 2k + 1

λkλm−kλn−k

λm+n−k
,

λk =
(2k)!

2k(k!)2 ,

(54)

where a derivation for the integral over the triple product is
given in Dougall (1953), we can rearrange Eq. (52) and solve
for βm so that:

βm = (2m + 1)
∫ 1

0
dr P̃m(r)

 ∞∑
l=0

γlP̃l(r)

  ∞∑
n=0

αnP̃n(r)


= (2m + 1)

∞∑
n=0

min(m,n)∑
k=0

αnγn+m−2k

2m + 2n − 2k + 1
λkλm−kλn−k

λm+n−k
.

(55)

From this expression we see that we can describe any arbi-
trary twist distribution for any arbitrary set of coefficients αn.
We are thus able to halve the degrees of freedom by setting a
fixed twist distribution.

In order to determine the αi coefficients we require a sec-
ond constraint for which we can use the radial Lorentz force:

µ−1
0 Fr

c

∣∣∣∣∣
s=s0

= −2rP̃m(r)P̃m′ (r)βmβm′ + 2r2P̃n(r)P̃m(r)αnβm

+ 2P̃n(r)P̃n′ (r)αnαn′ .

(56)

In theory one could repeat the same process as with Q(r) for
Fr

c but this turns out to be significantly more complicated
and requires the evaluation of integrals over four Legendre
polynomials. In practice it is easier to minimize Fr

c for a
fixed number of coefficients.

In the remaining parts of our paper we will exclusively
make use a uniform twist and nearly force-free configura-
tion which can be defined in a more direct way and does not
require us to explicitly solve for a vanishing radial Lorentz
force profile.

3. MODEL EXAMPLE

We will now show a specific implementation of our model
in terms of a purely analytically defined flux rope geometry.
We use an open parametrized path of the form:

γ(s) =

(1 − s
2

)
sin(3πs),

(
(1 −

s
2

)
sin(2πs),

1 + sin2( πs
2 )

2π

 ,
(57)

for the range s ∈ [0, 1]. The parametrization of this helix-like
path was specifically chosen so that the curvature does not
completely or nearly vanish at any position. This guarantees
that we do not have any issues constructing a Frenet-Serret
frame at any point along the path as the construction can also
additionally be numerically unstable for small curvature val-
ues. Regarding other model parameters we set σ = 0.1 AU
and Bs

∣∣∣
s=s0

= 15 nT which serve as typical parameters for an
ICME at 1 AU.

3.1. Uniform Twist Force-Free Configuration

As previously mentioned we will make use of a uniformly
twisted magnetic field configuration where we additionally
chose the coefficients so that the flux rope is force-free for a
cylindrical geometry. From previous calculations it easy to
verify that for a uniformly twisted flux rope βi = γ0αi for
all indices i. We determine the αi coefficients by using the
analytical solution for the Gold-Hoyle model (Gold & Hoyle
1960):

αi =

∫ 1

0
dr

Bs
c

∣∣∣
r=0

1 + γ2
0r2

. (58)

The number of coefficients that are required to deliver suf-
ficient accuracy to approximate the Gold-Hoyle solution de-
pends on the twist parameter γ0 with a higher twist requiring
higher order coefficients. Normally only few coefficients are
needed for a good approximation of the magnetic field but
significantly higher orders are required for accurately depict-
ing the current (and therefore also the Lorentz forces). There
also exists an optimal or maximum order beyond which the
approximation will begin to diverge that is also further de-
pendent on the twist. For our purposes we will use a dozen
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Figure 2. Exemplary flux rope structure given by Eq. (57). The blue
central line follows the parametrized path γ(s) and the two red line
are integrated magnetic field lines. The solid red field line gives the
physical solution according to our results in Eqs. (33 & 34) while
the dashed red field line is based on a toroidal approximation which
does not take account for effects of changing curvature or torsion.
Both field lines start at the same position (r, s, ϕ) = (0.95, 0.0, 0.0)
and the twist is set to γ0 = 2. The position s = 0 corresponds to the
bottom and s = 1 to the top.

coefficients in order to deliver sufficient accuracy for the cur-
rent and the derived Lorentz forces.

It is at this point that we would also like to highlight
why we have chosen our particular approach with the more
complicated Legendre polynomials instead of using a radial
power series expansion. A Taylor expansion of the Gold-
Hoyle solution takes the following form:

1
1 + γ2

0r2
= 1 − γ2

0r2 + γ4
0r4 − γ6

0r6 + γ8
0r8 . . . (59)

where it is immediately apparent that the power series di-
verges for any twist values γ0 ≥ 1. The models described
in NC16/NC18 are thus incapable of describing all uniform
twist configurations even with an unlimited number of coef-
ficients. These issues are bypassed by using a description in
terms of Legendre polynomials although other, less severe,
pitfalls may appear.

3.2. Visualization

Figure 2 shows the exemplary flux rope structure given
by Eq. (57) with the parametrized curve γ(s) highlighted
in blue. The path initially (s ≈ 0) resembles a helix with near
constant curvature and torsion and the curvature increases
over the axis reaching a maximum near the end (s ≈ 0.8).

We further plotted two integrated magnetic field lines (red)
which show the twisting of the magnetic field within this
structure. The first field line, in solid red, shows the mag-
netic field line of our derived model with a constant twist of
γ0 = 2. The second field line, dashed red, shows a magnetic
field line of the same twist but as a toroidal approximation.
This allows us to visually compare our model solution with
classical toroidal solutions and compare the effects on the
twisting of the field lines. From our example here we see
that the local twist along the axis changes significantly and
that our generally curved solution exhibits lower twist than
the toroidal approximation. As we will see later this change
in twist does not only change over the axis but also varies
across the entire cross-section. As a consequence this also
shows that is significantly harder to estimate flux rope twist
values as they will locally vary from just deformations of the
geometry.

Figure 3. Exemplary flux rope structure with net Lorentz force
vectors that are defined for all three components similarly to Eq.
(49) at ten equidistant, in terms of the parameter s, positions along
the flux rope. The local normal vectors n(s) (magenta) and the bi-
normal vectors b(s) (orange) are shown at these same positions for
reference. For a toroidal or nearly toroidal geometry the net Force
acting on the cross-section is the hoop force along the inverse nor-
mal vector (e.g. bottom). At other positions (e.g. top) when the flux
rope becomes highly twisted the net force can also act in other di-
rections leading to a complicated time-evolution of the overall struc-
ture.

Figure 4 shows 12 panels for the absolute magnetic field
strength B, the absolute current density J, local twist Q and
the J × B misalignment at three varying positions along our
flux rope. The cross-sections are arranged so that x = −1
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Figure 4. Three different magnetic field B, current density J, twist Q and J × B misalignment cross-section contour plots for the flux rope
given by Eq. (57) at the positions s = 0 (left), s = 0.75 (center) and s = 0.8 (right). The position x = −1 corresponds to the most inner part of
the flux rope (ϕ = π), x = +1 the most outer part (ϕ = 0) and y = ±1 down and up respectively. The left column corresponds to a nearly toroidal
geometry and the middle/right columns represent strongly twisted geometries with increasing or decreasing curvature. The effect of changing
curvature and torsions appears to rotate the magnetic field and current profiles while having strongly asymmetric effects on the local magnetic
twist and J × B misalignment.
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corresponds to the most inner part of the flux rope (ϕ = π),
x = +1 the most outer part (ϕ = 0) and y = ±1 down and
up respectively. The sign of the y-axis appears inverted be-
cause the binormal vector b(s) generally points towards the
negative 3D Z-axis in our example.

The first column (a-d), for which s = 0, represents the
nearly toroidal section of our flux rope. At this point we
see that the structure of our magnetic field and the current
exhibits a small backwards shift. The local twist remains
nearly constant over the entirety of the cross-section and it is
also mainly force-free with only small misalignment’s at the
back and front of the structure. These results are very similar
to those shown in (Vandas & Romashets 2017a) which uses
a toroidal geometry and a uniformly twisted magnetic field
and are therefore expected to be essentially the same.

The middle (e-h) and right (i-l) columns represent two
strongly twisted sections of the flux rope with inverted signs
for the change of curvature. The magnetic field and current
density contour plots show a stronger shift due to the higher
curvature values but additionally appear to be rotated. The
direction of this rotation depends on the sign of the change
in curvature, the sign of the torsion and the handedness of
the magnetic field. The panels (g) & (k) show strongly dis-
torted twist profile with significant local deviations in the
twist number of up to±0.5. Despite the appearance of a rough
balance for the size of the higher and lower twist regions the
field line in our example exhibits lower twist. This is due to
the fact that a field line will azimuthally rotate faster when ex-
periencing a higher twist which leads it to occupy the lower
twist region for longer. Lastly the panels (h) & (l) show to
strongly distorted profiles for the J × B misalignment. In
both cases the flux rope core remains largely force-free but
with large forces arising specifically at the back of structure
and weaker forces at the front. These profiles are also rotated
similarly to the magnetic field and the current with the rota-
tion angle appearing to be larger. While it is not shown in this
contour plot these forces generally act towards the x = +1 so
that, in the absence of external forces, the entire flux rope
geometry will expand over time.

The Lorentz forces are shown in more detail in Figure 3
where we show the resulting net Lorentz forces, in black, ac-
cording to Eq. (50) which we compute numerically for our
example instead of using the simpler approximations. For
comparison this figure also includes the normal (magenta)
and binormal (orange) Frenet-Serret vectors. For sections of
the flux rope that are nearly toroidal (s ≈ 0) we can see that
the net force mainly consists of the hoop force and also acts
along that direction (inverse of n). For more twisted section
we start to see that the net force does not act along the same
direction as the hoop force, specifically towards the top/end
of our example. We can see that the net force can contain a
large binormal component and seemingly acts in a random

direction. Our model thus exhibits rather complicated dy-
namics which would require simulations to fully analyze.

3.3. Synthetic Magnetic Field Profiles

While the previously shown global visualizations can fur-
ther the understanding of our flux rope model they cannot be
directly verified or measured. We therefore additionally turn
to synthetic in-situ magnetic field profiles as generated by
virtual spacecraft trajectories in order to generate synthetic
measurements that could be compared to real data.

Figure 5. A small cut out of the upper section of our flux rope ex-
ample including two virtual spacecraft trajectories. The first trajec-
tory, marked as (a), represents a classical frontal impact of an ICME.
The second trajectory, marked as (b), implicates a pass through an
ICME flank without an exit to the inside of the flux rope.

Figure 5 shows the two virtual spacecraft trajectories
which we will use for our examples. The first virtual trajec-
tory, denoted as (a), represents a classical magnetic flux rope
measurement. In the second case, where the trajectory is de-
noted as (b), the spacecraft traverses through a large portion
of the flux rope leading to a significantly longer measurement
and highly asymmetric measurement.

The resulting synthetic profiles, for both cases, are shown
in Figure 6 and are plotted in terms of an arbitrary length
measure along virtual trajectories. For the first case we see
that the profile matches the classical case of a rotating mag-
netic field profile. The latter part of the synthetic measure-
ment, which corresponds to the compressed inner volume of
the curved flux rope, has a stronger absolute magnetic field
strength creating a slightly asymmetric profile in terms of
magnitude. Our second case is very different showing the
typical magnetic field rotation at the start of the measure-
ment then settling into a very static decaying profile as the
spacecraft traverses side sways through the flux rope struc-
ture. Extreme asymmetries, for which flux rope expansion
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Figure 6. Two synthetic in-situ profiles generated by the virtual spacecraft trajectories given in Figure 5. The left profile (a) represents a
classical frontal fly through and generated the commonly seen rotating magnetic field profile. The right profile (b) describes a flanking pass
with an initially fast rotation of the magnetic field and a long largely constant tail. The x-axis corresponds to an arbitrary length parameter
along the path of the trajectory.

alone cannot be the cause, can also sometimes be seen in real
in-situ data and could therefore be interpreted as flank hits
that are similar to our proposed scenario (Owens et al. 2012).
Note that in both cases the flux rope size is fixed and that
in both our synthetic measurements we do not include any
effects due to expansion.

4. DISCUSSION & CONCLUSION

In this paper we have introduced the basic mathemati-
cal concepts that are necessary to describe arbitrarily curved
flux rope structures under the constraint of a circular cross-
section. We furthermore derived a specific solution to
Maxwell equations for this geometry which requires the in-
troduction of an implicitly defined radial current that imposes
further conditions on our flux rope model that we do not in-
vestigate in detail. This raises the hope that the same can be
done in the future for more complicated cross-section shapes
allowing the analytical treatment of flux ropes without any
inherent symmetry conditions and high flexibility. The pri-
mary issues with our current approach is the Frenet-Serret
frame which is very hard to apply to general space curves
due to the problems at points with vanishing curvature. Alter-
natives, such as those described in (Bishop 1975), exist and
solve this issue but are harder to implement. For non-circular
cross-section an additional degree of freedom is necessary to
properly set the orientation. In most other models the flux
ropes are only considered to lie within a plane which sets
a natural up or down direction along which the cross-section
can be orientated. This is no longer the case for general space
curves and thus makes the problem more complicated.

The magnetic field solutions that we derive within this pa-
per solve the Maxwell equations but nonetheless appear to
have strange properties regarding the radial currents. The
flux rope still possesses a clear magnetic boundary at its edge
but the same cannot be said for the current and this implic-
itly sets unknown conditions on the external region that sur-

rounds it. As was already remarked in NC18, radial currents
can also be introduced into cylindrical or toroidal geometries
to break azimuthal symmetry. The exact nature of such a ra-
dial current and the resulting physical implications are, at this
point in time, not entirely clear to us. Additionally, it may be
possible to find more consistent solutions by allowing for a
varying cross-section that can be locally adapted to define
a boundary through which there is no magnetic flux and no
current.

With the usage of Legendre polynomials and NC16/NC18
there are now at least two approximate approaches for de-
scribing the internal magnetic field structures for the type
of models that we use in this paper. For uniformly twisted
fields the Legendre approach is clearly superior but it may
have unknown drawbacks in other scenarios. We also have
not attempted to describe the evolution of the coefficients re-
garding flux rope expansion which will differ depending on
the polynomial basis that is used. In the future it may be nec-
essary to more closely analyze these approaches for different
scenarios. For both cases, the degrees of freedom that arise
due when using many coefficients are too high to be properly
analyzed in real data. It is thus clear that no matter which
approach is used that there must be a simple description of
the magnetic field. This can either be a uniform twist num-
ber as with the uniformly twisted field, an α parameter for a
linear force-free field or another parameter for other type of
distributions.

While we have only performed a purely mathematical ap-
proach our model is fairly straight forward to implement for
numerical applications which will be the focus of future pa-
pers. The parametrized path γ(s) can easily be described us-
ing splines, which must be of at least third order, which also
allows for easy calculation of the curvature, torsion and the
Frenet-Serret vectors. Transformation of Cartesian coordi-
nates into our curvilinear coordinate system is fairly straight-
forward using minimization algorithms under the condition
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that good initial starting values are used. A basic implemen-
tation for some of these procedures was required to generate
the synthetic profiles shown in Fig. 6 and are contained in
the notebooks on the repository linked in the acknowledge-
ments. A spline implementation, in the future, should allow
for easy time evolution if the spline points are interpreted
as representative particles with mass. This should allow us to
build purely analytic simulations and evolve the flux rope ge-
ometry according to the arising Lorentz forces or additional
external factors such as the solar wind environment or the
coronal magnetic field.

The results from Fig. 4 show highly asymmetric Lorentz
force distributions when we include effects due to changing
curvature or torsion. It is therefore highly likely that our us-
age of a circular cross-section is a strong approximation and
that this shape will become additionally distorted over time.
In order to test how valid this approximation is, and under
which conditions it may be suitable, would require a more
sophisticated numerical MHD simulations. A recent paper
shows how to implement generally distorted cross-sections

using a similar framework which can be readily adopted to
our model (Nieves-Chinchilla et al. 2022).

Overall we believe that this paper serves as another use-
ful contribution, building on previous work in NC16/NC18,
for extending the framework to describe complex flux rope
geometries. Despite using the constraint of a circular cross-
section the flexibility that is gained by describing the flux
rope in terms of a general space curve allows for an extremely
high variety of different configurations to be explored. While
our work primarily concerns itself with ICME flux ropes this
model can also be applied to flux rope structures significantly
closer to the Sun or on the solar surface.
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Weiss, A. J., Möstl, C., Amerstorfer, T., et al. 2021, ApJS, 252, 9,

doi: 10.3847/1538-4365/abc9bd

http://doi.org/10.1029/2000JA900170
http://doi.org/10.3847/1538-4357/aac951
http://doi.org/10.3847/0004-637X/823/1/27
http://doi.org/10.1007/s11207-012-9939-2
http://doi.org/10.1086/379974
http://doi.org/10.1088/2041-8205/790/1/L6
http://doi.org/10.1051/0004-6361/201731412
http://doi.org/10.1007/s11207-017-1149-5
http://doi.org/10.1016/j.pss.2004.09.024
http://doi.org/10.1007/s11207-012-0084-8
http://doi.org/10.3847/1538-4365/abc9bd


14

APPENDIX

A. POLOIDAL FLUX INTEGRAL

We want to show that the integral:

µ0σ
4 sin(ϕ)

∫ 1

0

∫ smax

0
dr ds

r2∂sκ(s)[
1 + rσκ(s) cos(ϕ)

] √
1 − r2σ2κ2(s)

∞∑
n=1

αnP̃n(r) = 0, (A1)

vanishes. It can already be seen, due to the sin(ϕ) dependance, that the term must vanish as the poloidal flux must be invariant
with respect to the ϕ parameter. We start by expanding the fraction using a Taylor series in terms of the curvature κ(s):

1[
1 + rσκ(s) cos(ϕ)

] √
1 − r2σ2κ2(s)

=

∞∑
k=0

akκ
k(s), (A2)

where ak are undefined coefficients which are not of importance. Using integration by parts we can then rewrite the integral for
every k: ∫ smax

0
ds κk(s)∂sκ(s) =

[
κk(s)κ(s)

]smax

0
− k

∫ smax

0
ds κk−1(s) (∂sκ(s)) κ(s). (A3)

Finally, using the condition that κ(0) = κ(smax) the first term on the right hand side vanishes and we receive:∫ smax

0
ds κk(s)∂sκ(s) = −k

∫ smax

0
ds κk(s)∂sκ(s)

=⇒

∫ smax

0
ds κk(s)∂sκ(s) = 0, ∀k, k ≥ 0,

(A4)

with which our claim has been proven.
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